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The polymorph of 8− Pmmn borophene is an anisotropic Dirac material with tilted Dirac cones at
two valleys. The tilting of the Dirac cones at two valleys are in opposite directions, which manifests
itself via the valley dependent Landau levels in presence of an in-plane electric field (Hall field).
The valley dependent Landau levels cause valley polarized magnetotransport properties in presence
of the Hall field, which is in contrast to the monolayer graphene with isotropic non-tilted Dirac
cones. The longitudinal conductivity and Hall conductivity are evaluated by using linear response
theory in low temperature regime. An analytical approximate form of the longitudinal conductivity
is also obtained. It is observed that the tilting of the Dirac cones amplifies the frequency of the
longitudinal conductivity oscillation (Shubnikov-de Haas). On the other hand, the Hall conductivity
exhibits graphene-like plateaus except the appearance of valley dependent steps which are purely
attributed to the Hall field induced lifting of the valley degeneracy in the Landau levels. Finally
we look into the different cases when the Hall field is applied to the strained borophene and find
that valley dependency is fully dominated by strain rather than Hall field. Another noticeable point
is that if the real magnetic field is replaced by the strain induced pseudo magnetic field then the
electric field looses its ability to cause valley polarized transport.
I. INTRODUCTION
The discovery of the atomically thin two dimensional
(2D) material-graphene1,2, has received much atten-
tion in the last decade because of its unique physical
properties as well as possible future applications. The
electronic properties of the graphene are governed by
its massless linear band dispersion rather than usual
parabolic. Moreover, another intriguing feature of the
graphene is that the bulk consists two inequivalent val-
leys (K and K ′) in the first Brillouin zone of its band
structure, which are the key ingredient for the newly
emerged field -Valleytronics3–5, just like Spintronics6–8
based on spin. Apart from the graphene, similar materi-
als like silicene9–12, transition-metal dichalcogenides13,14,
exhibiting linear dispersion with strong spin-orbit cou-
pling, have also been extensively considered from the
theoretical as well as experimental fronts. The poly-
morph of borophene which exhibits anisotropic tilted
Dirac cones in its band structure (named as 8− Pmmn)
is the latest member to the family of Dirac materials15
after the experimental realization16 of it. A detailed ab-
initio properties17 of this material was also addressed
recently. Similar to the strained graphene18, a pseudo
magnetic field has also been predicted in 8− Pmmn
borophene19 under the influence of strain. Very re-
cently, several theoretical investigations on optical prop-
erties like anisotropic plasmons20, effects of particle-hole
symmetry breaking in optical conductivity21 and Drude
weight have been reported.
The magnetotresistivity measurement of a 2D elec-
tronic system is one of the most appreciated method
to probe the system. The application of a perpendic-
ular uniform magnetic field to the 2D electronic sys-
tems quantizes the electronic energy spectrum i.e., forms
Landau levels (LLs). The LLs can be realized by os-
cillatory longitudinal conductivity with inverse magnetic
field known as Shubnikov-de Haas (SdH) oscillations22,23.
On the other hand, the off-diagonal terms in conduc-
tivity tensor becomes quantized due to the incomplete
cyclotron orbits along the opposite transverse edges of
the system22,23. The quantum Hall conductivity in
graphene24–26 is σxy = 4(n+1/2)e
2/h with n = 0, 1, 2, 3..,
which is in contrast to usual 2D electron gas where
σxy = 2(n + 1)e
2/h. Note that ‘e’ and ‘h’ are the
electronic charge and the Planck constant, respectively.
Apart from the graphene, the magnetoconductivity has
been extensively studied in silicene27,28, topological
insulators29–32,phosphorene33–35, stanene36 and molyb-
denum disulfide37,38 etc. Apart from the modulation in-
duced Weiss oscillations in 8− Pmmn borophene39, sev-
eral theoretical investigations40–42 of magnetotransport
properties in 2D Dirac materials with tilted Dirac cones
have been also carried out. However, so far no attempt
has been made in such material with tilted Dirac cones
to modulate valley degree of freedom in the integer quan-
tum Hall effect and the longitudinal conductivity by ap-
plying an in-plane electric field (Hall field) in presence of
randomly scattered charge impurities. In this work, we
rectify this anomaly and try to obtain valley dependent
magnetoconductivity in presence of a Hall field.
In this work, we investigate the quantum magneto-
transport properties in presence of a Hall field in low
temperature regime by using the linear response theory.
One of the key issues of the valleytronics (spintronics) is
how to control or modulate the two valleys (spin) inde-
pendently by means of external parameters. We aim to
modulate the valley dependency of the magnetoconduc-
tivity by applying an in-plane electric field. We should
mention here that such valley dependent transport can
be found in other 2D Dirac materials too43–46. How-
ever, in those materials the presence of a strong spin-
orbit interaction term removes the spin/valley degener-
acy in its band structure. Assuming the elastic or quasi-
elastic scattering of electron by charge impurities, scat-
tered randomly in the system, we calculate the longitudi-
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2nal and the Hall conductivity. The longitudinal conduc-
tivity shows SdH oscillations with the inverse magnetic
field. The frequency of the SdH oscillations is amplified
by the tilting of the Dirac cones. We also notice that the
quantum Hall conductivity exhibits Hall plateaus of the
form of σxy = 2(n+ 1/2)e
2/h, exactly similar to the case
of graphene in each valley. However, a valley separation
is visible at the Hall steps and the SdH oscillations peaks
due to the presence of the Hall field. This is in contrast
to the non-tilted isotropic Dirac material like graphene47,
where magnetotransport properties are not sensitive to
the valley index in the presence of a Hall field.
The paper is organized as follows. In Sec. II, we in-
troduce the low energy effective Hamiltonian and discuss
the lifting of the valley degeneracy in LLs in presence of
a Hall field. The Sec. III is devoted to calculate different
components of the magnetoconductivity tensor and ana-
lyze the results. Finally, we summarize and conclude in
Sec. V.
II. MODEL HAMILTONIAN AND LANDAU
LEVEL FORMATION
In this section, we derive LLs and corresponding eigen
states. We start with the low-energy single-particle effec-
tive model Hamiltonian for the tilted anisotropic Dirac
cones as19,20
H = ξ(vxpxσx + vypyσy + vtpy1), (1)
where ξ = +(−) denotes the valley K(K ′), three veloci-
ties are given by {vx, vy, vt} = {0.86, 0.69, 0.32} in units
of v0 = 10
6 m/sec. Also, σ ≡ (σx, σy) are the pseudo
Pauli matrices and 1 is identity matrix. Note that unlike
non-tilted isotropic Dirac cones in graphene, the veloci-
ties along x and y direction are not identical. The above
Hamiltonian can be diagonalized to obtain the energy
dispersion as
εξλ,k = ξ~vtky + λ~
√
v2xk
2
x + v
2
yk
2
y, (2)
where λ = ± denotes the band index and k = {kx, ky}
is the 2D momentum vector. This energy dispersion is
shown schematically in Fig. (1), which is tilted along ky-
direction due to the presence of vt term. However, the
tilting of the two Dirac cones at the two valleys is in
opposite directions. Note that the tilting of the Dirac
cones breaks the particle-hole symmetry in the 8−Pmmn
borophene.
1. Inclusion of crossed electric and magnetic field
To include the effects of perpendicular magnetic field
(B = Bzˆ) in the low energy single-electron effective
Hamiltonian of borophene, lying in the x-y plane, we
use the Landau-Peierls substitution, p→ p+ eA, as
H = ξ[vxpxσx + vy(py + eBx)σy + vt(py + eBx)1] (3)
FIG. 1. (Color online) A schematic sketch of the energy band
dispersion in k-space, representing Eq. (2) in valley K and K′.
under the Landau gauge A = (0, xB, 0). Here, A rep-
resents the magnetic vector potential. The effect of an
in-plane uniform real electric field (Er) can be included
by adding a potential energy U = eErx1 to the Hamil-
tonian as
He = eErx1+ξ[vxpxσx+vy(py+eBx)σy+vt(py+eBx)1],
(4)
The Hamiltonian is translationally invariant along the y-
direction as [He, py] = 0, which allows the electron to
be governed by the wave function Ψ(x, y) ∼ eikyyφ(x).
Using this fact, the eigen value problem reduces to
H0φ(x) = εφ(x), (5)
where
H0 = ~v
ξ
e
lc
X1 + ξ
{
~vc
lc
[√
vx
vy
σxP +
√
vy
vx
σyX
]}
, (6)
and
ε = E + ~veky, (7)
where vξe = ve + ξvt with ve = Er/B, the magnetic
length lc =
√
~/eB, the dimensionless x-component of
momentum operator P = −i∂/∂(x/lc), position opera-
tor X = (x+ x0)/lc with the center of cyclotron orbit is
at x = −x0 = −kyl2c and vc = √vxvy. Apart from the
velocity anisotropy inside the third bracket in Eq. (6),
the above Hamiltonian is very much identical to the case
of monolayer graphene under crossed electric and mag-
netic field48. The first term acts as a pseudo in-plane
effective electric field (Eeff = ~vξe/(el2c)). Now Eq. (6)
can be re-written as
Hξ = e
Eeff√
2
(a+ a†)1 + ξ~ωc
[
0 −ia
ia† 0
]
, (8)
where ωc(= vc/lc) is the cyclotron frequency and lad-
der operators are defined as: a = (X˜ + iP˜ )/
√
2 and
a† = (X˜ − iP˜ )/√2. Here, X˜ =
√
vy
vx
X and P˜ =
√
vx
vy
P ,
3satisfying the commutator relation [X˜, P˜ ] = i. In absence
of Eeff , the above Hamiltonian can be diagonalized to
obtain graphene-like LLs (for n ≥ 0)
εζ = λ~ωc
√
2n, (9)
with ζ = {n, ξ, ky} and eigenfunctions as
Ψζ(r) =
eikyy√
2Ly
[
ξλφn−1(X)
iφn(X)
]
, (10)
where φn(X) is the well known simple harmonic oscillator
wave functions. The ground state (n = 0) wave function
is
Ψ0,ky (r) =
eikyy√
2Ly
[
0
iφ0(X)
]
, (11)
In presence of Eeff , direct diagonalization of the above
Hamiltonian is quite unwieldy. However, a standard ap-
proach to solve this problem exactly was given by Lukose
et al., in Ref. [48]. Following this Ref. [48], the above
Hamiltonian can now be transformed into a frame, mov-
ing along the y-direction with velocity vξe , such that the
transformed electric field vanishes and the magnetic field
rescales itself as B′ = B
√
1− β2ξ , where βξ = vξe/
√
vxvy.
Unlike the graphene, the noticeable point here is that
the valley index is now intrinsically associated with the
velocity of the moving frame, as well as in the renor-
malization of the transformed magnetic field in moving
frame. In the moving frame, LLs can be easily expressed
as
ε˜n,ξ,k˜y = λ~ωc
√
2n(1− β2ξ )1/4. (12)
However, to work in the rest frame, LLs must be brought
back to this frame by using Lorentz boost back transfor-
mation which gives LLs in rest frame as
Eζ = λ~ωc
√
2n(1− β2ξ )3/4 − ~veky (13)
and the eigen states are48,49
Ψζ(r) =
eikyy√
2Lyγξ
[(
cosh(θξ/2)
−i sinh(θξ/2)
)
λφn(X
′)
−iξ
(
i sinh(θξ/2)
cosh(θξ/2)
)
φn−1(X ′)
]
(14)
with tanh θξ = βξ with γξ = 1/
√
1− β2ξ . We have also
used the fact that the wave function in the rest frame
differs from moving frame by an imaginary phase fac-
tor exp[−(θξ/2)σy]-hyperbolic rotation matrix, which is
expressed as
e−(θξ/2)σy =
[
cosh(θξ/2) i sinh(θξ/2)
−i sinh(θξ/2) cosh(θξ/2)
]
. (15)
On the other hand, the argument of the wave functions
becomes
X ′ =
(1− β2ξ )1/4
lc
[
x+ kyl
2
c + λ
√
2nlcβξ
(1− β2ξ )1/4
]
(16)
after using the Lorentz back transformation of momen-
tum. The ground state (n = 0 level) wave function is
Ψ{0,ky,ξ}(r) =
eikyy√
2Lyγξ
[
λ
(
cosh(θξ/2)
−i sinh(θξ/2)
)
φ0(X
′)
]
(17)
with energy E0,ky = −~veky. The LLs, derived in
Eq. (13), is sensitive to the valley index. On the
other hand, LLs in graphene48 under the influence of
a Hall field is independent of the valley index. In
graphene, under the suitable strength of the Hall field (for
β = Er/(vFB) = 1) LLs get collapsed in both valleys.
Whereas, similar situation can appear in borophene but
two valleys require different Hall fields Ecr = B(vc ∓ vt).
The key point of this work is the lifting valley degener-
acy in the LLs of a 2D Dirac materials, exhibiting tilted
Dirac cones, by applying an in-plane electric field. This
was first pointed out by Goerbig’s group50 in an organic
compound α − (BEDT− TTF)2I3 having quite similar
band structure. Here, we exploit this issue in the mag-
netotransport properties of borophene.
2. Density of states
Before we proceed to magnetoconductivity, we shall
examine the behavior of density of systes (DOS) under
the influence of an in-plane electric field. Because of the
discrete energy levels i.e., LLs, the DOS can be expressed
as the sum of a series of delta function as
D(E) =
gs
Ω
∑
ζ
δ(E − Eζ) (18)
with gs is the spin degeneracy and the area of the system
is denoted by Ω = Lx×Ly. However, to plot the DOS in
each valley, we assume impurity induced Gaussian broad-
ening of the LLs and subsequently the Eq. (18) simplifies
to
D(E) = D0
∑
n
exp
[
− (E − En)
2
2Γ20
]
(19)
where
D0 =
gs
2pil2c
1
Γ0
√
2pi
. (20)
The DOS exhibits oscillation with the magnetic field-
known as the SdH oscillation. The presence of an in-
plane electric field is causing a valley separation in SdH
oscillation too. Here, we have taken very weak bro-
dening as Γ0 = 0.05~ωc. Here, we have computed the
summation over ky by using the fact that the centre of
the cyclotron orbit is always confined within the system
i.e., 0 ≤ |x0 + Gn| ≤ Lx or 0 ≤ ky ≤ Lx/l2c with
Gn = λ
√
2nlcβξ(1 − βξ)−1/4 and sebsequently
∑
ky
→
Ly
2pi
∫ Lx/l2c
0
dky = Ω/2pil
2
c . Moreover, in the above equa-
tion, we have also ignored the ky dependent term (~veky)
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FIG. 2. DOS versus magnetic field for (a) Er = 1 kV/m and (b) Er = 0 kV/m. The Fermi energy is kept at EF = 0.035 eV.
in the LLs expression under the assumption of higher
Landau level and weak electric field. As this term is not
associated with valley index, hence this assumption will
not affect the valley dependency of the DOS. The DOS is
plotted in Fig. (2) by using Eq. (19). It is an established
fact25,51 that the impurity induced LLs broadening in 2D
Dirac material is directly proportional to
√
B. To plot
dimensionless DOS, we consider LLs broadening width
Γ0 = 0.05~ωc.
III. MAGNETOCONDUCTIVITY
In this section, we evaluate the quantum Hall con-
ductivity and the longitudinal conductivity by using the
formalism based on linear response theory developed in
Ref. [52] which has been extensively used in other 2D
systems26–29,37,38,53. In presence of perpendicular mag-
netic field, the conductivity becomes a tensor with di-
agonal (σdµν) as well as non-diagonal (σ
nd
µ,ν) terms i.e.,
σµν = σ
d
µ,ν + σ
nd
µ,ν , where {µ, ν} = {x, y}.
A. Quantum Hall conductivity
The quantum Hall conductivity( σxy) of borophene can
be evaluated by using the standard formula within the
linear response regime52,53:
σxy =
ie2~
Ω
∑
ζ 6=ζ′
fζ(1− fζ′)〈ζ | Vˆx | ζ ′〉〈ζ ′ | Vˆy | ζ〉
× 1− exp [βT (Eζ − Eζ′)]
Eζ − Eζ′ lim→0
1
Eζ − Eζ′ + i .(21)
In the above expression, the velocity operators are de-
fined as: Vˆx = ∂H0/∂px = ξvcσˆx and Vˆy = ∂H0/∂py =
vξe1+ξvcσˆy, and |ζ〉 ≡ |Ψζ(x, y)〉. Note that here we have
used the transformed momentum operators i.e., px →
(vx/vy)
1/2px and py → (vy/vx)1/2py for the non-tilted
part of the Hamiltonian. Also, fζ = [1 + exp{βT (Eζ −
EF )}]−1 is the Fermi-Dirac distribution function with EF
is the Fermi energy and βT = (kBT )
−1 where kB is the
Boltzmann constant.
By using the identity fζ(1 − fζ′){1 −
exp [βT (Eζ − Eζ′)]} = fζ′(1 − fζ), one can arrive
at Kubo-Greenwood formula for the Hall conductivity
in each valley as
σxy =
ie2~
Ω
∑
ζ 6=ζ′
(fζ − fζ′) 〈ζ | Vˆx | ζ
′〉〈ζ ′ | Vˆy | ζ〉
(Eζ − Eζ′)2 .
(22)
The velocity matrix elements in a particular valley (see
Apendix A) are evaluated as (for n > 0)
〈n, ky | Vˆx | n′, k′y〉 = −i
vc
2γξ
[
λδn,n′−1 + λ′δn−1,n′
]
δky,k′y
(23)
and
〈n′, k′y | Vˆy | n, ky〉 = −(1− β2ξ )
vc
2
× [λ′δn′,n−1 + λδn′−1,n] δky,k′y .(24)
The presence of δky,k′y guarantees that velocity matrix
elements are non-zero only for ky = k
′
y. To proceed fur-
ther, we now follow the assumption47 that the effects of
ky through Fermi distribution function is very small and
hence we can ignore it. This assumption is well justi-
fied for weak electric field. Moreover, it can also be seen
that the ky dependent term inside the Fermi distribu-
tion function is independent of the Landau level index
(n), for which the differences between the two Fermi dis-
tribution functions corresponding to the two successive
Landau levels are almost independent of ky. By using
5∑
ky
→ Ly2pi
∫ Lx/l2c
0
dky = Ω/2pil
2
c in Eq. (22), we obtain
(for n > 0)
σξxy =
e2
h
∑
n
(fn,ξ − fn+1,ξ)
(
√
2n−√2(n+ 1))2 . (25)
At zero temperature, if EF lies between εn and εn+1-th
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FIG. 3. Quantum Hall conductivity versus magnetic field.
The Hall conductivity is in units of e2/h. The tilt velocity
vt = 0.32 unit, the Fermi energy EF = 0.037 eV and the
temperature is taken much low at T = 0.1K.
Landau level, then above expression can be reduced to
σξxy = 2
e2
h
(
n+
1
2
)
, (26)
including the spin degeneracy but without valley degen-
eracy. The contribution which arises from n = 0 level has
to be evaluated separately. The velocity matrix elements
between n = 0 and n′ are given by
〈0, ky | Vˆx | n′, k′y〉 = −i
vc
2γξ
λδ0,n′−1δky,k′y (27)
and
〈n′, k′y | Vˆy | 0, ky〉 = −(1− β2ξ )
vc
2
λδn′−1,0δky,k′y .(28)
Finally, the Hall conductivity due to zero-th Landau level
is
σ0xy =
e2
h
∑
ξ
(f0,ξ − f1,ξ). (29)
The quantization of Hall conductivity, in Eq. (26), is ex-
actly similar to the case of graphene without valley de-
generacy i.e,., σxy = 1, 3, 5, 7, 9... in units of e
2/h. How-
ever, the valley dependency appears at the Hall steps gov-
erned by the valley dependent Fermi-distribution func-
tion. The Hall conductivity obtained in Eq. (25) is plot-
ted numerically in Fig. (3). The Fermi energy is taken
to be EF = 0.037 eV, corresponds to carrier density
ne = 10
15m−2 and tilt velocity vt = 0.32 unit. The
Fermi energy can be evaluated numerically in terms of
magnetic field for a particular carrier density, as done in
Ref. (39).
The quantum Hall conductivity plots in Fig. (3) show
a series of unequal quantum Hall plateaus, as expected.
However, most importantly, two valleys are not follow-
ing the same steps although exhibiting identical plateaus.
The valley separation around the steps are exclusively
caused and governed by the in-plane electric field i.e.,
Hall field. This feature is in complete contrast to the
case of monolayer graphene under the influences of the
Hall field. The origin of the valley separation at the steps
can be traced to the lifting of the valley degeneracy in
presence of an in-plane electric field in the Landau lev-
els of borophene, where as in graphene such removal of
valley degeneracy does not occur.
B. Longitudinal conductivity
In this subsection, we investigate the longitudinal con-
ductivity. In general, the longitudinal conductivity arises
mainly due to the scattering of cyclotron orbits from the
charge impurities. This contribution is also known as col-
lisional conductivity. In low temperature regime, scatter-
ing mechanism can be treated as elastic on the ground
that charge carriers can not offer enough energy to excite
charge impurity from its ground states to excited states
during collisions. First we consider the case of the pres-
ence of a Hall field.
1. In presence of Hall field
The collisional conductivity in low temperature regime
can be evaluated by using the following formula52,53
σxx =
βT e
2
2Ω
∑
ζ,ζ′
fζ(1− fζ′)Wζ,ζ′(xζ − xζ′)2. (30)
Here, xζ = 〈ζ | x | ζ〉 is the average value of the x-
component of the position operator of an electron in state
| ζ〉, which can be evaluated to be x0 +Gn (=kyl2c +Gn).
To proceed further analytically, we can drop the n depen-
dent term (Gn) in the centre of the cyclotron orbit and
thus (xζ − xζ′)2 = (qyl2c)2 with k′y − ky = qy. Note that
dropping of Gn would not make any drastic changes in
the main result except a small effect to the conductivity
amplitude. Moreover, for intra Landau level scattering,
Gn would get canceled out automatically in the expres-
sion of (xζ − xζ′). The key features of the longitudinal
conductivity oscillations is preserved in the n-dependent
part of the Landau levels in the Fermi distribution func-
tion, which controls the oscillations. On the other hand,
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FIG. 4. Longitudinal conductivity (in units of e2/h) versus
magnetic field. Other parameters are as: the Fermi energy
EF = 0.037 eV, the Temperature T = 3 K, the impurity
density ni = 10
13m−2 and LLs broadening Γ0 = 0.1~ωc.
the scattering rate between states |ζ〉 and |ζ ′〉 is given by
Wζ,ζ′ =
2pini
Ω~
∑
q
| Uq |2| Fζ,ζ′(η) |2 δ(Eζ−Eζ′)δky,k′y+qy .
(31)
Here, ni is the impurity density and η = q
2l2c/2. The
2D Fourier transformation of the screened charged impu-
rity potential U(r) = [e2/4pi0rr]e
−ksr is Uq = U0[q2 +
k2s ]
−1/2 ' U0/ks for short range delta function-like po-
tential, where U0 = e
2/(20r) and ks is the screening
vector. The form factor is defined as Fζ,ζ′(η) = 〈ζ | ei~q.~r |
ζ ′〉, which can be evaluated (See Apendix B) considering
only n′ = n± 1 (because of the presence of δky,ky′+qy in
Wζ,ζ′)
| Fn,n±1(η) |2= e−η[Rn,n±1(η)]2 (32)
with
Rn,n+1(η) ' 1√
2(n+ 1)
L1n(η) +
1√
2n
L1n−1(η) (33)
and
Rn,n−1(η) '
√
2
n
L1n−1(η) +
√
2
n− 1L
1
n−2(η). (34)
Here, Ln(η) is the Laguerre polynomial of order n. For
lowest LL (n = 0), the scattering amplitude has to be
evaluated separately as
| F0,1(η) |2= e−η 1
2
[L10(η)]
2. (35)
By replacing summation over ky by Ω/(2pil
2
c),
∑
q →
Ω
(2pi)2
∫
qdqdφ and (xξ − xξ′)2 = q2yl4c = (q sinφ)2l4c , the
Eq. (30) can be further simplified to σxx =
∑
ξ σ
ξ with
σξxx '
e2
h
niU
2
s
2pil2cΓ0
βT
∑
n,ξ
Infn,ξ(1− fn,ξ). (36)
Here, Us = U0/ks, Γ0 is the impurity induced LLs broad-
ening and
In =
∫ ∞
0
η2e−η
(
[Rn,n+1(η)]
2 + [Rn,n−1(η)]2
)
dη. (37)
The cut-off limit of the above integration can be ex-
tracted from the short range scattering condition i.e.,
q << ks (η << ηs with ηs = k
2
s l
2
c/2).
We plot longitudinal conductivity in Fig. (4) by using
Eq. (36). For this numerical plot, we use the following
parameters: charge density ne = 10
15m−2, impurity
density ni = 10
13m−2, temperature T = 3 K, dielectric
constant of borophene is taken to be κ = 10 which
is in consistent with Ref. [20] and screening vector
ks = 10
8m−1. We also consider the magnetic field
dependency of the impurity induced LLs broadening as
Γ0 ' 0.1~ωc. As it is proven fact53,54 that SdH oscilla-
tion start to die out with the increasing temperature,
hence we give plots only for a particular temperature.
The longitudinal conductivity peaks are corresponding
to the crossing of Fermi level through the LLs. However,
because of the valley separation in LLs, conductivity
peaks in two valleys are not at the same location. The
separation of the conductivity peaks in two valleys
are the direct consequences of the lifting of the valley
degeneracy in the LLs. The gap between two consecutive
peaks in each valley increases with the increase of mag-
netic field and this is obvious as the LLs spacing between
two successive LLs also increases with the magnetic field.
In Fig. (5)a, we plot the polarization in the longitudinal
conductivity versus magnetic field and electric field by
using the relation
Pv =
σ+xx − σ−xx
σ+xx + σ
−
xx
. (38)
It shows that a sizable valley polarization can be achieved
for a wide range of magnetic field by applying a Hall field.
However, the polarization appears to be oscillatory with
magnetic field. This is because of the oscillatory nature
of longitudinal conductivity with magnetic field in both
valleys. On the other hand, we also show the evolution
of polarization with electric field for three values of mag-
netic field in Fig. (5)b which shows that a sizable polar-
ization can emerge for an electric field E > 0.5 kV/m.
Note that although a weak fluctuation of Fermi energy
between nearest LLs does exist with respect to the mag-
netic field [see Ref. (39)], we keep Fermi level constant in
the regime of interest as the amplitude of Fermi energy
fluctuation is very small.
2. In absence of Hall field
In this subsection, we evaluate the longitudinal con-
ductivity in absence of the Hall field. In absence of the
Hall field (Er = 0), the LLs regain the valley degeneracy
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FIG. 5. Polarization in the longitudinal conductivity versus (a) magnetic field and (b) electric field.
FIG. 6. (Color online) Contour plot of longitudinal conduc-
tivity (in units of e2/h) in the plane of 1/B and EF . The
temperature is taken as T = 3 K.
and hence the valley dependent transport is not expected
anymore. The scenario is now quite similar to the case
of the monolayer graphene without Hall field, except the
renormalized Fermi velocity vc =
√
vxvy and tilting of
the Dirac cones. Moreover, in absence of the Hall field
the LLs not only recover the valley degeneracy but also
get back the ky degeneracy for which the intra-LLs scat-
tering is now allowed, and the scattering rate between
states |ζ〉 and |ζ ′〉 is now given by
Wζ,ζ′ =
2pini
Ω~
∑
q
| Uq |2| Qζ,ζ′(η) |2 δ(Eζ−Eζ′)δky,k′y+qy .
(39)
Here,
| Qn,n(η) |2= e
−η
4
[Jn,n(η) + Jn−1,n−1(η)]2 (40)
Following the Ref. [26 and 54], we obtain the longitudinal
conductivity as
σxx ' e
2
h
niU
2
s
pil2cΓ0
βT
∑
n
nfn(1− fn) (41)
which is plotted in Fig. 6 in the plane of Fermi level
and inverse magnetic field. The longitudinal conductiv-
ity shows SdH oscillations with inverse magnetic field as
well as Fermi level both with different frequencies. The
conductivity amplitude increases with the Fermi level as
well as inverse magnetic field. However, to understand
the effect of tilt parameter on SdH oscillations frequency,
we plot the longitudinal conductivity versus inverse mag-
netic field for both cases i.e., in absence and presence of
tilt parameter in Fig. 7. It is observed that the frequency
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FIG. 7. (Color online) Longitudinal conductivity (in units of
e2/h) versus inverse magnetic field. The Fermi level EF =
0.037 eV.
as well as the amplitude of the longitudinal conductivity
8are significantly affected by the tilt parameter. To get
a clear picture of the influences of the tilt parameter on
the SdH oscillations, an approximate analytical simplifi-
cation of the longitudinal conductivity is necessary. To
obtain analytical expression of Eq. (41), we replace the
summation over LL index n as:
∑
n → pil2c
∫∞
0
D(E)dE,
where D(E) is the density of states (DOS). The analyt-
ical approximate form of the DOS can be obtained by
following the Refs.[55–57] as
D(E) ' 2E
pi(~vc)2
{
1 + 2Ω(E) cos
[
2pi
(
E
~ω¯c
)2]}
,
(42)
where impurity induced damping factor is Ω(E) =
exp
{
−2pi
[
Γ(E)E
(~ω¯c)2
]}
with Γ(E) = 4piΓ20E/(~ω¯c)2 and
ω¯c = ωc/(1 − β2)3/4 with β = vt/vc. Using the above
form of DOS in Eq. (41), one can readily find
σxx ' e
2
h
U
{
1 + 2Ω(EF )
T/Tc
sinh(T/Tc)
cos
[
2pi
(
f
B
)]}
.
(43)
Here, U is a dimensionless factor and given by
U =
niU
2
s
2Γ0
[
EF
~ω¯c
]2
EF
pi(~vc)2
. (44)
On the other hand, the SdH oscillations frequency with
the inverse magnetic field is given by
f =
1
e~
(
EF
vc
)2
gt, (45)
where gt = 1/(1 − β2)3/2 > 1. The above expres-
sion shows that the tilt parameter amplifies the fre-
quency of the SdH oscillation by a factor gt = 1.1526.
The characteristic temperature is defined by kBTc =
(~ω¯c)2/(4pi2EF ), beyond which the SdH oscillation start
to die out. Note that apart from the frequency, the char-
acteristic temperature is also affected by the tilt param-
eter.
In addition to the inverse magnetic field, longitudinal
conductivity also exhibits similar SdH oscillation with
the Fermi energy. The SdH oscillations frequency with
Fermi energy is
f¯ =
EF
(~ωc)2
gt. (46)
This expression shows that unlike the frequency of SdH
oscillations with inverse magnetic field [see Eq. (45)], SdH
oscillations with the Fermi energy is non-periodic as the
frequency itself depends on the Fermi level strongly. The
tilted parameter suppresses SdH oscillation frequency in
both cases in similar fashion. The longitudinal conduc-
tivity shows the SdH oscillations with the inverse mag-
netic field and the Fermi energy both.
IV. EFFECTS OF STRAIN
In this section, we investigate how the application of
strain can influence the magnetoconductiity in absence
and presence of an in-plane electric field. The issue
of strain induced valley polarization in Dirac material
is not new rather it has been extensively considered in
graphene58–60 to silicene61,62. In Ref. [19], strain induced
quantum valley Hall effect was also predicted. How-
ever, in this work, we would like to consider the case
of interplay between the in-plane electric field and the
strain. The strain can be described by the displacement
field U(r) and the strain tensor Uij = 12 [(∂Ui∂rj ) + (
∂Uj
∂ri
)].
The strained borophene must not violate any symme-
try possessed by the material. Similar to the graphene,
the strain acts as a pseudo magnetic field. However, the
strain induced vector potential in two valleys are in op-
posite sign and it can be captured in low energy effective
Hamiltonian in presence of a real magnetic field (B) as
H = ξ[vxpxσx + vy(py + eAS)σy + vt(py + eAS)1]. (47)
Here, the vector potential AS = x(B + ξt) with the
strain induced pseudo magnetic field t = [(
∂Ay
∂x )−(∂Ax∂y )].
Here, the different components of vector potential can
be expressed19 as A = [αxyUxy, αxxUxx + αyyUyy] with
αxy = 3.86 G-cm, αxx = 3.58 G-cm and αyy = −1.15
G-cm. The strain field in 8-Pmmn borophene is taken to
be as U(r) = (0, x2/L, 0). The strain induced magnetic
field can be estimated to be around t = 100 T for the
sample length of 10 nm. This is in fact an advantage of
strain that one can generate very large magnetic field.
However, in our case we shall keep the strain induced
magnetic field much smaller in order to compete it with
the real magnetic field. The Landau levels of strained
borophene in absence of the in-plane electric field can be
obtained following the Sec.(II). as
Eζ = λ~ωξ
√
2n(1− β2)3/4, (48)
where ωξ =
√
vxvy/lξ with lξ =
√
~/e(B + ξt). The Lan-
dau levels of strained borophene is sensitive to the valley
index, which is in fact similar to the case of graphene.
On the other hand if we switch-on the in-plane electric
field the Landau levels becomes
Eζ = λ~ωξ
√
2n(1− β2ξ )3/4 − ~ky
[
Er
B + ξt
]
, (49)
where the valley dependency is now attributed to two
different origin. One is the valley dependent cyclotron
frequency arises from the effect of strain and other one
is the in plane electric field induced valley dependency of
βξ = [Er/(B+ξt)+ξvt]/
√
vxvy. The critical electric field,
needed for LLs in each valley to get collapsed, in presence
of strain would be also modified as Er = (B+ξt)(vc+ξvt).
The quantum Hall conductivity corresponding to each
valley are plotted in Fig. (8) for different combination of
strain and electric field. In Fig. (8)a, we show that both
9valley are showing identical plateaus as expected in ab-
sence of any in-plane electric field and strain. The effect
of electric field is shown again here in Fig. (8)b, showing
small separation between two valleys in its steps. The
inclusion of strain is plotted in Fig. (8)c, which shows
that the valley separation is very large and dominated
by the effect of the valley dependent cyclotron frequency
in LLs. Finally, we show only the effect of strain with-
out any in-plane electric field in Fig. (8)d which is very
similar to Fig. (8)c confirming the fact that strain alone
can dominate the valley polarization even in presence of
a Hall field. Finally, we shall discuss the case of an
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in-plane electric field and strain without any real mag-
netic field. From the above discussion, we can write the
Landau levels in absence of the real magnetic field but
in presence of the pseudo magnetic field (strain) by just
setting B = 0 in Eq. (50). However, the LLs in presence
of pseudo magnetic field and a in-plane electric field will
be identical to Eq. (50) except the tilt dependent factor
βξ = ξβ with β = (Er/t+ vt)/
√
vxvy leading to the LLs
as
Eζ = λ~ω
√
2n(1− β2)3/4 − ξ~ky
(
Er
t
)
. (50)
Here, the valley index is not intrinsically associated with
the LLs index n, for which valley dependent magneto-
transport is not expected under our assumption of weak
electric field. Hence, we can conclude that the in-plane
electric field looses its ability to produce valley dependent
Hall steps in quantum Hall conductivity if real magnetic
field is replaced by strain induced pseudo magnetic field.
The difference in the size of plateaus in presence of
strain, as shown in Fig. (8)d, can also be explained from
the SdH oscillation feature in DOS plots in Fig. (9). Here,
both valley exhibit large frequency differences in SdH os-
cillation, which reflects as unequal plateaus in Hall con-
ductivity too.
V. SUMMARY AND CONCLUSIONS
In this work, we have studied the magnetotransport
properties of a 2D sheet of the polymorph of 8-Pmmn
borophene which exhibits tilted anisotropic Dirac cones
in its band structure. We have applied an in-plane elec-
tric field (Hall field) to remove the valley degeneracy in
its LLs. The signatures of the lifting of the valley degen-
eracy in the LLs are examined in the magnetotransport
properties. We have evaluated the quantum Hall and the
longitudinal conductivity in presence of the Hall field by
using linear response theory. The presence of the Hall
field causes valley dependent longitudinal and Hall con-
ductivity, which is in complete contrast to the case of
monolayer graphene47 where the Hall field does not re-
move the valley degeneracy from its LLs. A sizable valley
polarization can be achieved in the longitudinal conduc-
tivity by applying a Hall field which can be linked to
the field of valleytronics where valley dependent trans-
port by tuning external parameter is one of the the key
requirement. Here, it is worthwhile to mention that the
external in-plane electric field should be along the direc-
tion of tilt induced pseudo electric field. If external real
electric field is taken perpendicular to the direction of
pseudo electric field then exact solution is not possible
and numerical study may not yield valley polarization as
the real electric field will affect almost equally to both
valleys.
Moreover, we have also noted by analyzing analyti-
cal results that SdH oscillation frequency is enhanced by
the tilting of the Dirac cones. Finally we have also dis-
cussed the possible scenario if the real magnetic field is
replaced by a strain induced pseudo magnetic field and
found that in this case Hall field can not lift the valley
degeneracy. However, if the real and pseudo magnetic
10
field both present then the lifting of the valley degener-
acy would be dominated by the strain induced pseudo
magnetic field.
Appendix A
The velocity matrix elements are given by
〈n, ky|Vˆx|n′, k′y〉 = ξvc〈n|σˆx|n′〉δky,k′y
= ξ
vc
2γξ
(λ′A†φn + iξB†φn−1)σx(λAφn′ + iξBφn′−1)
where
A =
(
cosh(θξ/2)
−i sinh(θξ/2)
)
(A1)
and
B =
(
i sinh(θξ/2)
cosh(θξ/2)
)
(A2)
abd subsequently the above Eq. (A1) can be easily re-
duced to
〈n, ky|Vˆx|n′, k′y〉
= −i vc
2γξ
[λδn−1,n′ + λ′δn,n′−1]δky,k′y . (A3)
Similarly, the another matrix elements
〈n′, k′y|Vˆy|n, ky〉 = 〈n′|vξe1 + ξvcσˆy|n〉δky,k′y
= − 1
2γξ
[vc cosh(θξ)− vξe sinh(θξ)]
× [λ′δn′,n−1 + λδn′−1,n] (A4)
Now, we shall use the relation cosh(θξ) = γξ and
sinh(θξ) = βξγξ to obtain
〈n′, k′y|Vˆy|n, ky〉 = −
vc
2
(1− β2ξ )
[λ′δn′,n−1 + λδn′−1,n]δky,k′y . (A5)
Appendix B
To calculate the scattering rate between two states, the
scattering matrix can be expressed as
Fζ,ζ′ = 〈ζ|eiq.r|ζ ′〉 = 〈n, ky|eiq.r|n′, k′y〉
' e−η/2Rn,n′(η)δk′y,ky−qye−iΘ−
η
2 (B1)
with Θ = lcqx(−ky + qy/2). Here, we have also used the
following standard integral results as: for n′ ≥ n
Rn,n′ =
[
2nn!
2n′n′!
]1/2
υn
′−nLn
′−n
n (η)e
−η/2 (B2)
and for n′ ≤ n
Rn,n′ =
[
2nn′!
2n′n!
]1/2
(−υ∗)n−n′Ln−nn′ (η)e−η/2, (B3)
where υ = lc(qx+iqy)/2 and L
n′
n (η) is the Laguerre poly-
monial. More details about these matrix elements evalu-
ation can be found in Refs. [47 and 53].
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